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HWRS 505: Vadose Zone Hydrology

Lecture 3
8/29/2023

Today:
1. Derive the 3D groundwater flow equation
2. Review solute transport under saturated flow



Steady-state saturated flow s
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Review of Lecture 2

% Steady-state saturated flow
» Boundary conditions -> Distribution of hydraulic head and pressure head.
v The definition of total hydraulic head (H = z + )

v Darcy’s law (g = —K i—Z)

» Derivation of effective conductivity for a layered system.

» Derivation of permeability for a tube based on the Hagen-Poiseuille flow (simplified N-S equation).
v’ Permeability ~ R?
v" The origin of Darcy’s law is N-S equation

v' Permeability for a bundle of tubes of uniform size?
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Derive the flow equation:

Recall: Divergence theorem

q-nds:f V-qdV
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=> Divergence theorem converts a surface integral to a volume integral.
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Solute transport under saturated flow T

Advection: The solute particles move along streamlines
with a velocity equal to the groundwater velocity
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Molecular diffusion: Solute particles move due to random molecular motion.

Free water: Recall Fick’s Law
qC = _D()VC

Porous medium:

q. = —¢D,VC. D, = Dyw is the effective diffusion coefficient,and w (0 <w < 1) is
the tortuosity factor. (Note: tortuosity vs. tortuosity factor)

Mechanical dispersion: Mixing due to local-scale variations in groundwater velocity

N\

Example: Dispersion in a capillary tube [G.l. Taylor (1953) and R. Aris (1956)]




Solute transport under saturated flow T

Taylor-Aris Dispersion: Dispersion in a capillary tube [G.]. Taylor (1953) and R. Aris (1956)]

Solute transport in “Hagen-Poiseuille” flow

RN ET

Governing equation for solute transport in the tube:

ac ., i (r)zlac o (2%¢ 1ac arc\
ot Y R/ lox “°\orz ror ox2)

At sufficiently long times (derivation via the perturbation method) 2: mean velocity in the tube.
ac ac 82¢ R272 C,: mean concentration in the tube.
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Insights: The average solute concentration spreads out by a
dispersion process (radial diffusion and axial advection) and follows

Fickian diffusion. The effective diffusivity is not the molecular
diffusivity Dy, rather, it is a quadratic function of the mean velocity.
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lllustrative numerical simulations of Taylor-Aris dispersion (https://youtu.be/toCARM aUS4)



https://youtu.be/toC4RM_aUS4
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Taylor-Aris Dispersion: Spatial variation of velocity leads to
dispersion of solutes

Spatial variation of velocity in a porous medium:

(1) Velocity profile through a pore throat (related to T-A
dispersion)
(2) Velocity variation among pore throats

(3) Tortuosity




Solute transport under saturated flow

Pure advection

Continuous
Source

Flow lines

HWRS 505
Bo Guo
Fall 2023

Advection + I\\/I\echanical dispersion + Molecular diffusion

| N
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Flow lines

A widely used theory for describing solute flux in saturated porous media [J. Bear (1961)]

q. = ¢(vC — DVC),

q.is the solute flux vector.
v is the velocity field.

D is a tensor that depends on the velocity field
and molecular diffusion in the porous medium.

For a special case in 1D flow:
Dyy = apvy + Dy

Dyy =D,, = arv, + Dy

a; and a; are longitudinal and
transverse dispersivities, respectively.



