
HWRS 505

Bo Guo

Fall 2023

HWRS 505: Vadose Zone Hydrology

Lecture 7

9/12/2023

Today:

1. Soil water characteristics (SWC)

2. Leverett J function; Miller scaling

3. Unsaturated permeability and relative permeability
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Review of Lecture 6

❖ Bundle of cylindrical tubes model

❖ Advanced porous medium models

▪ Bundle of triangular tubes model

▪ Pore-network model

▪ Physical porous medium models: micro-channels

▪ Direct imaging of soil and rock pore structures

▪ Extract pore-network from digital soil/rock images

❖ SWC: measurement, physical meaning, mathematical description
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Notes: 
(1) “𝜆” was used in B-C’s original paper. Ty’s notes used “𝐿” for “𝜆”. 

(2) 𝑠𝑒= 𝑝𝑐/𝑝𝑑
−𝜆

(3) Non-differentiable at 𝑝𝑐= 𝑝𝑑

Brooks-Corey (1964)

van Genuchten (1980)

𝑝𝑐 = 𝑝𝑑𝑠𝑒
−1/𝜆

𝑠𝑒 = (𝑠𝑤 − 𝑠𝑤,𝑟)/(1 − 𝑠𝑤,𝑟)

𝜆 is a parameter related to 

pore size distribution

𝑝𝑐 =
1

𝛼
(𝑠𝑒

−1/𝑚
−1)1/𝑛

𝑛 is a parameter related to pore size distribution

𝑚 = 1 − 1/𝑛 based on the Mualem assumption

𝛼 is a parameter related (NOT equal) to 1/𝑝𝑑 .

𝑝𝑑 is entry pressure

Tuller & Or (2004)
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Volume of 

water release:

➢ Volume of water release is independent of water content distribution if the capillary transition 

zone is below the ground surface, if 𝜃𝑠 and 𝜃𝑟 remain unchanged. 

➢ How about the time scale for the water release? 

Δℎ Δℎ

(𝜃𝑠 − 𝜃𝑟)Δℎ (𝜃𝑠 − 𝜃𝑟)Δℎ < (𝜃𝑠 − 𝜃𝑟)Δℎ

Δℎ

(𝜃𝑠 − 𝜃𝑟)Δℎ

Δℎ

?
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Water saturation distribution under hydrostatic conditions

𝑠𝑤 𝑠𝑤

𝑧 𝑝𝑐

𝑝𝑤 = 0 − 𝑝𝑐 = −𝑝𝑐(𝑆𝑤)
⇒ 𝑝𝑐 𝑆𝑤 = 𝜌𝑤𝑔𝑧 ⇒ 𝑝𝑐 𝑆𝑤 ~𝑧

𝑝𝑤 𝑧 = 0 − 𝜌𝑤𝑔𝑧Hydrostatic⇒

▪ 𝑧(𝑆𝑤) and 𝑝𝑐(𝑆𝑤) have the same shape. They can be rescaled (“stretched” or “compressed”) along 

the vertical axis to overlap with each other.
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Hydrostatic unsaturated layered systems

➢ 𝑆𝑤 is discontinuous at the material interface, but the 𝑝𝑐 and 𝑝𝑤 or 𝜓𝑤 are continuous.

𝑝𝑤𝑝𝑤 = 0

𝑝𝑐 = −𝑝𝑤 = 𝜌𝑤𝑔𝑧

𝑧

Hydrostatic Water Saturation Distribution

Capillary transition zone for 

homogeneous material 1.

Capillary transition zone for 

homogeneous material 2.
𝑧

𝑠𝑤

𝑧

𝑠𝑤

2
1
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𝑠𝑤

𝑝𝑐,1 

𝑠𝑤

𝐽 = 𝑝𝑐,1

𝑘1

𝜙1

1

𝜎1 cos 𝜃1

𝐽 = 𝑝𝑐,1

𝑘1

𝜙1

1

𝜎1 cos 𝜃1
= 𝑝𝑐,2

𝑘2

𝜙2

1

𝜎2 cos 𝜃2

𝑝𝑐,2 =
𝐽

𝑘2
𝜙2

1
𝜎2 cos 𝜃2

=
𝑝𝑐,1

𝑘1
𝜙1

1
𝜎1 cos 𝜃1

𝑘2
𝜙2

1
𝜎2 cos 𝜃2

𝑠𝑤

𝑝𝑐,2 

𝑝𝑐~
𝜎 cos 𝜃

𝑟

𝑘~𝜙𝑟2

⇒ 𝑝𝑐~
𝜎 cos 𝜃

𝑘
𝜙

⇒ 𝑝𝑐 =
𝜙

𝑘
𝜎 cos 𝜃 𝐽(𝑠𝑤)

▪ Leverett J function allows one to derive the SWC for a porous medium using the SWC from a 

similar porous medium + some basic hydraulic information (permeability and porosity)
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Miller Scaling

𝜆1𝑝𝑐,1

𝜎1
=

𝜆2𝑝𝑐,2

𝜎2
⇒ 𝑝𝑐,2 =

𝜆1𝜎2

𝜆2𝜎1
𝑝𝑐,1

𝜇1𝐾1

𝜌1𝑔𝜆1
2 =

𝜇2𝐾2

𝜌2𝑔𝜆2
2 ⇒ 𝐾2 =

𝜌2𝜆2
2

𝜌1𝜆1
2

𝜇1

𝜇2
𝐾1

𝑝𝑐,0 =
𝜆𝑝𝑐

𝜎
⇒

Dimensionless capillary pressure 

(exact same idea as Leverett J scaling)

𝐾0 =
𝜇𝐾

𝜌𝑔𝜆2
⇒

Dimensionless conductivity

▪ Miller scaling allows one to derive SWC and conductivity for a porous medium using SWC 

and conductivity from a similar porous medium + some basic pore size information
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𝒒𝑤 = −
𝐤

𝜇𝑤
𝛁 𝑝𝑤 + 𝜌𝑤𝑔𝑧

= −𝐊𝑠𝑎𝑡𝛁𝐻

𝐻 =
𝑝𝑤

𝜌𝑤𝑔
+ 𝑧

𝐊𝑠𝑎𝑡 =
𝐤𝜌𝑤𝑔

𝜇𝑤

Single-phase Darcy’s Law

How about water flow in the presence of air in 

the porous medium? 

Bundle of cylindrical capillary tubes model

𝒒𝑤 = −
𝑘𝑟,𝑤(𝑆𝑤)𝐤

𝜇𝑤
𝛁 𝑝𝑤 + 𝜌𝑤𝑔𝑧

= −𝑘𝑟,𝑤 𝑆𝑤 𝐊sat𝛁𝐻

Extended Darcy’s Law for unsaturated flow 

(Buckingham, 1907)
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Nordbotten & Celia (2011)

Typical forms of relative permeabilities Bundle of cylindrical capillary tubes model

Imbibition

Drainage

Note: Direct measurement of relative permeability curves is difficult and time-consuming.
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1. Extraction of radii distribution of the Bundle of Cylindrical Capillary tubes (based on BCC)

𝑠𝑤

𝑝𝑐

2. For a given 𝑝𝑐 or 𝑠𝑤, compute the fluxes for the cylindrical tubes filled by water (𝑄 =
𝜋𝑟4

8𝜇𝑤

Δ𝑝

𝐿
) and sum 

them up to obtain the to flux, and then to compute the overall conductivity of the bundle. 

Pore size 

F
re

q
u
e
n
c
y
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Based on a bundle of tubes with irregular cross sections.

Google scholar

citation: ~10,000 

Google scholar

citation: ~30,000 

Google scholar

citation: ~10,000 
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Brooks-Corey (1964)

van Genuchten (1980)  ̶  Mualem (1976)

𝑘𝑟,𝑤 = 𝑠𝑒
(2+3𝜆)/𝜆

𝑘𝑟,𝑛𝑤 = 1 − 𝑠𝑒
2(1 − 𝑠𝑒

(2+𝜆)/𝜆
)

𝜆 is a parameter related to pore size distribution

𝑛 is a parameter related to pore size distribution

𝑚 = 1 − 1/𝑛 based on the Mualem assumption

𝛼 is a parameter related to the inverse of entry pressure

𝑘𝑟,𝑤 = 𝑠𝑒
1/2

1 − 1 − 𝑠𝑒
1/𝑚 𝑚 2

𝑘𝑟,𝑛𝑤 was not proposed by V-G. Often the 𝑘𝑟,𝑛𝑤 from B-C is used
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