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HWRS 505: Vadose Zone Hydrology

Transient 1D unsat flow (Part 3)

Agenda: Numerical solution for 1D transient unsaturated flow
Reading: Celia et al (1990); Ch11 of Pinder & Celia (2006).
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Infiltration models
»  Green-Ampt model
= Philip’s analytical solutions of the 8-based Richards’ equation
» For both the Green-Ampt model and Philip’s analytical solutions:
v Vertical infiltration: early time vs. late time
v Horizontal infiltration is equivalent to the early-time solution of vertical infiltration
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4 Different forms of the Richards Equation
06 _ 0 < 0h> oK _ “Mixed” form

ot az\" 9z) oz

oh 0 dh\ 0K
Chy———|K—|———= “h-based” or “pressure-based” form. Note that h and y are both
dt 0z\ 0z 0z :
commonly used for denoting pressure head.
ae a 69 aK 11 b1 1 : ”
———| D — =0 f-based” or “moisture content-based” form
dt 0z\ 0z 0z

» The three forms are mathematically equivalent, but not so physically nor numerically.
v’ 6-based form cannot be used when saturated condition occurs.
v’ h-based forms may not conserve mass when solved numerically.
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> Spatial discretization
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121 :
Questions:
« How to do temporal discretization? i.e., approximate dd—et".
* How to deal with the nonlinearities in K(h), and 8(h)?
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Temporal discretization
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« This is the Picard iteration applied to the mixed form of the Richards equation.

n+1,m+1
—-on

« We still have 0;, but our primary variable is h;. How can we deal with §z; - -~ =7
* How is the Picard iteration different from the Newton-Raphson iteration?




HWRS 561b

Numerical Solution for Transient Richards Eqgn

Spring 2026
6}1 — hn+1,m+1 _ hn+1,m
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Time derivative term

52 921+1,m+1 . 91?1 ~ 62 01?1+1,m + % |n+1,m(h7i¢+1,m+1 . h?+1,m) 4+ 0((5h)2) _ el?l
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Substitute back to the full equation
5, Hin+1,m _ Hln . C(h)n+1’m(h?+1’m+1 . hz1+1,m) K(h)n+1,m h?++11,m+1 . h?+1,m+1 1
YAt ‘ At i+5 Az
hn+1,m+1 _ hn+1,m+1
+ K(R)ntim " -1 +1]=0
i—% VZi

Supplemented with initial and boundary conditions, we can then solve for hy, h,, ..., h;, ..., hy



Numerical Solution for Transient Richards Eqgn

Comparison between the discretized equations for the mixed and h-based form

HWRS 561b
Bo Guo
Spring 2026

Mixed form
n+ilm +1, n+im+1 _ pn+lm n+im+1 n+im+1
l At ' At i+% AZL'
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h-based form
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to mass conservation errors in the h-based form.

h
Due to strong nonlinearity, C(h)™*1™ can have large errors during the numerical iterations(?n\]/z/hich leads

= |n the mixed form, the error is controlled because C(h)™**1™ is multiplied by a very small number &h. ®
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Comments from Celia et al (1990)

proximations, it can be seen that the reason for poor mass
balance resides in the time derivative term. While d6/d¢ and
C(ah/at) are mathematically equivalent in the continuous
partial differential equation, their discrete analogs are not
equivalent. This inequality in the discrete forms is exacer-
bated by the highly nonlinear nature of the specific capacity
term C(h). This leads to significant mass balance errors in the
h-based formulations because the change in mass in the
system is calculated using discrete values of a#/ot while the
approximating equations use the expansion C(4) (dh/d1). In
addition, the spatially distributed form that arises in the finite
element approximation appears to further exacerbate the
problems inherent in this term.

One of the advantages of the 6-based equation is that
discrete approximations to it, such as the finite element and
finite difference methods used above, can be formulated so
that they are perfectly mass conservative. However, be-
cause this form of the Richards equation degenerates)in fully
saturated media, and because material discontinuities pro-
duce discontinuous @ profiles, the §-based equation is usually
not used for general groundwater hydrology problems. Upon
examination of the h-based equation and its numerical ap-



Make Richards’ Equation Not “Leaky” Again (Celia et al. 1990) ©

) &) > Total citation: 2500+
) a0 Richards’ Equation (1D version) > tsot('jlllac'fed ~100 times/year
dn h-based form Mixed form 1073 Y
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i i + a0 ( by ) + spatial discretization =0
At At
ﬁ Simple, elegant, and works!
gr+im+1 _ gn Taylor expansion around iterations
i i df n+1,m
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