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HWRS 561b: Physical Hydrogeology II

Two-phase flow and Richards equation (Part 1)

Agenda:

1. Mathematical Representation of Two-Phase Flow

2. Unsaturated Flow and the Richards’ Equation

Reading: Chapter 11 (Pinder & Celia, 2006).
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❖ Physical meaning of the SWC models (Brooks-Corey vs. van Genuchten)

❖ Specific yield and drainable porosity in the vadose zone

❖ Leverett J function/scaling and Miller-Miller scaling

❖ Unsaturated permeability (physical meaning) and mathematical description

❖ Extended Darcy’s Law for unsaturated flow (Buckingham, 1907)

❖ How to derive unsaturated permeability from SWC?

𝒒𝑤 = −
𝑘𝑟,𝑤(𝑆𝑤)𝐤

𝜇𝑤
𝛁 𝑝𝑤 + 𝜌𝑤𝑔𝑧
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Derive the flow equation:

Recall: Divergence theorem

න
𝜕Ω

𝒒 ⋅ 𝒏 d𝑠 = න
Ω

𝛁 ⋅ 𝒒 d𝑉
=> Divergence theorem converts a surface integral to a volume integral.

Mass conservation: Change of mass storage = mass in – mass out.

Rate of mass change: 

Net fluxes:
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z

𝑙𝑥
𝑙𝑦

𝑙𝑧

𝒒𝑤 = −
𝑘𝑟,𝑤(𝑆𝑤)𝐤

𝜇𝑤
𝛁 𝑝𝑤 + 𝜌𝑤𝑔𝑧

Flux Law for two-phase flow (Muskat and Meres, 1936)

𝒒𝑛𝑤 = −
𝑘𝑟,𝑛𝑤(𝑆𝑤)𝐤

𝜇𝑛𝑤
𝛁 𝑝𝑛𝑤 + 𝜌𝑛𝑤𝑔𝑧

The derivation of the governing equations for two-phase flow shares the same procedure as that used for 

sing-phase flow. The only difference is that a governing equation is needed for each fluid phase.  

𝒒𝛼 = −
𝑘𝑟,𝛼 𝑆𝑤 𝐤

𝜇𝛼
𝛁 𝑝𝛼 + 𝜌𝛼𝑔𝑧 , 𝛼 = 𝑛𝑤 or 𝑤

= −
𝑘𝑟,𝛼(𝑆𝑤)𝐤

𝜇𝛼
𝛁𝑝𝛼 − 𝜌𝛼𝒈 𝛁 𝜌𝛼𝑔𝑧 = −𝜌𝛼𝒈
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𝜕

𝜕𝑡
𝜌𝑤𝜙𝑆𝑤 − 𝛁 ⋅ 𝜌𝑤

𝑘𝑟,𝑤𝐤

𝜇𝑤
𝛁 𝑝𝑤 + 𝜌𝑤𝑔𝑧 = 0

𝜕

𝜕𝑡
𝜌𝑛𝑤𝜙𝑆𝑛𝑤 − 𝛁 ⋅ 𝜌𝑛𝑤

𝑘𝑟,𝑛𝑤𝐤

𝜇𝑛𝑤
𝛁 𝑝𝑛𝑤 + 𝜌𝑛𝑤𝑔𝑧 = 0

Wetting phase

Nonwetting phase

The governing equations for the two fluid phases:

(1)

(2)

𝑝𝑤, 𝑝𝑛𝑤, 𝑆𝑤, 𝑆𝑛𝑤, 𝑘𝑟,𝑤, 𝑘𝑟,𝑛𝑤

=> 6 unknowns, 2 equations. We need 4 more equations to have a mathematically closed system.

𝑆𝑤 + 𝑆𝑛𝑤 = 1 (3)

𝑝𝑛𝑤 = 𝑝𝑤 + 𝑝𝑐(𝑆𝑤) (4)

𝑘𝑟,𝑤 = 𝑘𝑟,𝑤(𝑆𝑤) (5)

𝑘𝑟,𝑛𝑤 = 𝑘𝑟,𝑛𝑤(𝑆𝑤) (6)

Constitutive equations

(e.g., VG or B-C models)

▪ 6 equations, 6 unknowns. The system of 

equations is mathematically closed. 

▪ Substituting Eqs. (3-6) to Eqs. (1-2) => 2 

equations and 2 unknowns. 

▪ Several options for the primary variables. 

Two common options: 

✓ One phase pressure + one phase 

saturation (e.g., 𝑝𝑤, 𝑆𝑛𝑤)

✓ Two phase pressures (e.g., 𝑝𝑤, 𝑝𝑛𝑤)

Unknowns: (Assuming 𝜌𝛼, 𝜇𝛼, 𝜙, 𝐤 are known.)
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Let’s now think about the air-water system in the vadose zone. 

𝜌𝑤 ≈ 1000 kg/m3 

𝜌𝑎 ≈ 1 kg/m3 

𝜇𝑤 ≈ 10−3 Pa ⋅ s 

𝜇𝑎 ≈ 1.8 × 10−5 Pa ⋅ s 

At a common condition: 1 atm, 20 °C

𝜌𝑎 ≪ 𝜌𝑤
𝜇𝑎 ≪ 𝜇𝑤

𝒒𝑎 = −
𝑘𝑟,𝑎𝐤

𝜇𝑎
𝛁 𝑝𝑎 + 𝜌𝑎𝑔𝑧Air flux: 



HWRS 561b

Bo Guo

Spring 2026
Richards’ Equation

9

𝜕

𝜕𝑡
𝜌𝑎𝜙𝑠𝑎 − 𝛁 ⋅

𝜌𝑎𝑘𝑟,𝑎𝐤

𝜇𝑎
𝛁 𝑝𝑎 + 𝜌𝑎𝑔𝑧 = 0

𝜕

𝜕𝑡
𝜌𝑤𝜙𝑠𝑤 − 𝛁 ⋅

𝜌𝑤𝑘𝑟,𝑤𝐤

𝜇𝑤
𝛁 𝑝𝑤 + 𝜌𝑤𝑔𝑧 = 0

𝑠𝑎 + 𝑠𝑤 = 1

𝑘𝑟,𝑎 = 𝑘𝑟,𝑎(𝑠𝑤)

𝑘𝑟,𝑤 = 𝑘𝑟,𝑤(𝑠𝑤)

𝑝𝑎 − 𝑝𝑤 = 𝑝𝑐(𝑠𝑤)

(1)

(2)

(3)

(4)

(5)

(6)

Governing equations for air-water flow in porous media:
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